
People who talk about politics talk sooner or later about positions of political actors,
be these citizens, voters, activists, or politicians. It is hard to have a serious discussion
about the substance of real politics without referring to where key actors stand on
important matters. Position implies distance (between two positions); distance implies
movement; movement involves direction and can only be described relative to some
benchmark. Indeed, it is difficult to analyse real political competition without using
positional language and reasoning. This iswhy the spatialmodel is one of the ‘workhorse’
models of political science (Cox, 2001).
Spatial models of party competition typically involve two species of agent: voters and

politicians. Voters have preferences about political outcomes. Politicians compete for
voters’ support by offering policy packages, in essence promised outcomes that appeal to
these preferences. Voters’ preferences are typically assumed to be single-peaked over the
set of potential outcomes. This implies an ideal point for each voter, describing the most-
preferred outcome. Less-preferred outcomes are described as points in some cognitive
space that are increasingly far from this ideal. Although not a logical necessity, many
models of party competition assume the set of voter ideal points to be both exogenously
given and mapped into a common space. Basis vectors of real-world political spaces
are typically interpreted as policy dimensions. Examples of such policy dimensions
include economic left-right, social liberal-conservative, and foreign policy hawk-dove.
In the ‘proximity-voting’ models that are common characterisations of voting in large
electorates, each voter is assumed to support the politician offering the policy package
closest to their ideal point. More complex assumptions may be made about strategic
behaviour by voters. While these may be appropriate in small voting bodies where the
voter has some realistic rational expectation that a single vote will affect the outcome, we
do not consider these assumptions realistic in relation to voting in very large electorates,
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which is the setting we concern ourselves with here. Hinich and Munger provide an
accessible introduction to spatial models of party competition (Hinich and Munger,
1994, 1997). Austen-Smith and Banks provide a comprehensive technical overview
(2000, 2005).
When more than one independent dimension of policy is important to voters, as seems

plausible in any real setting, the game of spatial location played between politicians who
compete for the support of voters is directly analogous to the ‘Voronoi Game’. This is the
generic geometric game of competitive spatial location, with widespread applications in
many quite different fields, that is well-known to specialists in computational geometry.
Assume a d-dimensional real space in which there are n voter ideal points and p party
positions. The party positions generate a ‘Voronoi tessellation’ (tiling) of the policy
space. This is an exclusive and exhaustive partition of the space into regions, each
region associated with a generating point, such that any locus in the region is closer to
the region’s generating point than to any other generating point. Okabe et al. provide
an exhaustive and authoritative review of the geometry of spatial tessellations (Okabe,
et al. 2000), which Aurenhammer describes as a ‘fundamental geometric data structure’
(Aurenhammer, 1991). Any voter with an ideal point in a party’s Voronoi region is
closer to that party than to any other. If voters support their closest party, which is the
assumption of proximity voting models, then each party’s Voronoi region contains the
ideal points of all its supporters. The Voronoi Game involves agents (party leaders in this
case) competing to maximise the volumes of their Voronoi regions by manipulating the
locations of their generating points. This game has been extensively analysed and proved
formally intractable in spaces of more than one dimension (Teramoto et al., 2006).
The formal intractability of the multidimensional Voronoi Game has two important

consequences for spatial models of party competition. For analysts, it implies compu-
tational investigation of the voting model rather than formal analysis; no such formal
analysis is possible. Much more importantly in our view, formal intractability has the
behavioural implication that agents playing the game, absent formally provable best-
response strategies, must rely on decision heuristics – rules of thumb that can in practice
be very effective but can never be proven formally to be best responses to any con-
ceivable state of the world. This shifts attention to the particular decision rules that real
agents actually use, a fundamentally empirical question. What now interests us is how
particular rules of thumb perform when pitted against each other in this analytically
intractable setting. This is a classic argument for using agent-based models (ABMs)
which, paradigmatically, involve computational investigation of interactions between
agents deploying well-specified rules of thumb to make their decisions.
The complexity of this decision problem goes well beyond formal intractability of the

underlying game of competitive spatial location, however. Mainstream spatial models
of party competition are static: key model parameters and rules of interaction are fixed
exogenously; the core intellectual mission is to specify amodel and solve for equilibrium.
Most informed observers of real politics, however, see party competition as a system in
continual motion, and as a system with an endogenous dynamic. Thus, what agents do
at tick t of the political process feeds back to affect the entire process at tick t 1. This
characterises political competition as an evolving complex system.



For the reasons we just outlined, there is a developing body of recent work in political
science that analyses this evolving complex dynamic system using ABMs (De Marchi,
1999, 2003; Fowler and Smirnov 2005; Kollman et al. 1992, 2003; Laver 2005). A key
feature of this work is that the number of political parties competing for votes is fixed
exogenously. The innovation we present here is a dynamic spatial model of political
competition in which the number and identity of competing parties is an endogenous
output of the model, not an exogenous input to it. We achieve this by modelling the birth
and death of political parties.
The rest of the chapter is organised as follows. We review current ABMs of party

competition in Section 21.2. In Section 21.3, we specify an ABM of party competition
that includes the birth of new parties and the death of existing ones. In Section 21.4 we
report results from a systematic computational investigation of this model. In Section
21.5 we conclude and set out an agenda for future work.

The emerging literature on dynamic ABMs of party competition can be traced to an
influential early paper by Kollman, Miller and Page (1992), who specified a dynamic
model of two-party competition in a multidimensional policy space. Subsequent work in
this tradition typically retains a US-oriented focus on two-party incumbent-challenger
competition (De Marchi, 1999, 2003; Kollman et al., 1998). The underlying spatial
characterisation of policy preferences in these models is the same as in traditional
spatial models, though computational implementations assume agents occupy one of a
small number of discrete positions on a finite set of issue dimensions.
These ABMs follow traditional spatial models in assuming voters to be both policy-

motivated andwell-informed about published party policy positions, supporting the party
position closest to their ideal point. However, they depart from traditional staticmodels in
assuming party leaders are not perfectly informed, either about the preferences of every
single voter or about the uncertainties associated with these. Instead, party leaders are
assumed to gather information, using private opinion poll and/or focus group feedback,
on the impact of counterfactual policy moves on their electoral support levels, using this
private information to select policy positions.
Laver (2005) built on this work with a multidimensional spatial model of multi-party

competition that defined simple behavioural rules for setting party policy positions, rules
that do not involve Kollman et al.’s complex counterfactual private polling. Each rule
makes use of freely available public information about the history of the party system:
published party policy positions and vote shares. As with the traditional static spatial
model, Laver assumes voter ideal points are located in a real policy space, with voters
supporting the party with the closest policy position to their ideal points. Following a
random start of the system that is of course a model artefact and is burnt off before
systematic interrogation of the model begins, party policy positions and citizens’ party
support patterns evolve continuously in the loop described in Figure 21.1. Voters support
the party with the position closest to their ideal point; in light of observed patterns



Complex dynamics of multi-dimensional, multiparty competition.

of support, party leaders use one of a number of simple decision rules to pick a new
policy position; in light of these new party policy positions, voters support the party that
is now closest; and so on. This process iterates forever.
The decision rules defined and investigated by Laver (2005) included:

STICKER: never change position (an ‘ideological’ party leader).
AGGREGATOR: set party policy on each dimension at the mean preference of all
party supporters (a ‘democratic’ party leader).
HUNTER: if the last policy move increased voter support, make the same move;
else, reverse heading and make a unit move in a heading chosen randomly within the
half-space now being faced (a Pavlovian vote-forager).

A significant limitation of both the Laver and Kollman et al. ABMs, together with
most analytical spatial models, is that the set of political parties is fixed exogenously
by nature. But the real world is full of examples of new political parties. Most of these
parties are ephemeral and ultimately doomed to failure, but a small number succeed and
all new parties, however unsuccessful, demonstrate the theoretically and substantively
crucial possibility of new parties in any democratic system. Static models can ignore this
by working with the set of parties that exist at any given time, setting aside the matter
of how these parties came into existence. Dynamic models cannot do this, and must
either assume the set of parties is fixed for all time, or model party ‘birth’ and ‘death’.
Self-evidently, by far the most plausible thing to do is to treat the set of competing parties
as an endogenous outcome of political competition, not an exogenous input to this.

The endogenous ‘entry’ of newparties has by nomeans been ignored by scholarsworking
with ‘static’ spatial models using traditional formal analysis. Key aspects of this work



are reviewed by Shepsle; more recent writing, mostly by economists, is discussed by
Dhillon and by Austen-Smith and Banks (Austen-Smith and Banks 2005; Dhillon 2005;
Shepsle 1991). One prominent and widely cited approach focuses on incentives for
individual policy-motivated citizens to run as ‘citizen candidates’ (Besley and Coate
1997; Osborne 2000). In what follows, we port this citizen candidate approach to the
complex dynamic setting of the Laver ABM, extending this model so that the identity
and number of parties is endogenous to the process of political competition. We model
births of new parties in the spirit of the citizen candidate approach, as endogenous
changes of agent type from voter to party leader, motivated by dissatisfaction of voters
with the existing offer of party policies. If new parties are to be born into the system,
some existing parties must ‘die’ if we are not to move inexorably towards an absurd
situation with an infinite number of parties. In this sense modelling party birth implies
modelling party death, which we do in terms of the inability of a party to maintain its
updated fitness, defined precisely below, above some de facto survival threshold which
is a feature of the party system as a whole.
Laver and Schilperoord (2007) implemented these ideas, endogenising the set of

competing parties by endogenising party birth and death. This chapter consolidates and
revises this work, taking account of recent theoretical and methodological progress.
Thus Fowler and Laver designed a computer ‘tournament’ model for assessing rela-
tive effectiveness of different decision rules in long-running simulations; their model
involved automatic party birth but endogenous party death (Fowler and Laver, 2008).
Laver and Sergenti focus on the need for rigorous design, implementation, and analysis
of computer simulations if inferences from these are to have the same order of robustness
and reliability as those derived from formal analysis (Laver and Sergenti, 2007, 2011).
These developments allow us, in what follows, to specify and investigate a more robust
model of party birth and death.

The original Laver ABM, and subsequent work by Laver and Schilperoord (2007) and by
Fowler and Laver (2008), model every voter as an independent agent. Reported simula-
tions involve 1000 voters, with each voter in each simulation given an ideal point drawn
randomly from the symmetric bivariate normal density distribution. However, replica-
tions of model runs with the same parameter settings generate different outcomes, not
just because some decision rules have stochastic components but also because each
replication uses a different draw of ideal points. We must thus replicate simulation runs
many times for the same parameter settings if we want to ensure results are not a product
of some random draw, adding immensely to our computational load. Since voters are in
effect automata in our model, we tackle this problem by replacing a finite population
of voting agents with ideal points drawn randomly from an underlying bivariate normal
density function, with a ‘landscape’ of voters described by the underlying density func-
tion itself. The function describes vote density at any location in the space, and the same
configuration of party policy positions always generates the same configuration of party



support in a given landscape, since party support never depends upon details of some
random draw. This approach is directly analogous to the ‘electoral landscapes’ used
by Kollman et al. (1998) and by de Marchi (1999). In other work (Laver and Sergenti,
2011) we report results frommodelling party competition with more generic asymmetric
distributions of voter ideal points.

Our citizen candidate model of party birth involves voters who are dissatisfied, in
some well-specified sense we define below, having an increased probability of changing
state from ordinary decent voter to political candidate. We thus need to model voter
dissatisfaction and we do this by adapting the voter utility functions that underlie static
spatial models of party competition. These almost invariably contain a term for ‘policy
loss’. This is the disutility for a voter with an ideal point at i, arising from outcome j,
described as some increasing function of the Euclidean distance, dij, between i and j.
There are differences between models in terms of whether voter disutility is modelled
as a linear or quadratic function of dij. The most common assumption, typically justified
by vague behavioural claims about risk-aversion in politics, is that policy loss should be
modelled as a quadratic function, that is as –dij2. We follow this assumption in order to
align our work with that of conventional spatial modellers.
This begs a key question about the identity of the policy point j that, relative to the

ideal point i, provides the generating point for citizen dissatisfaction.Which jwe specify
depends upon our behavioural model of politics. The seminal spatial model (Downs,
1957) and many of its direct intellectual descendents, assume ‘proximity’ voting by
citizens. Each citizen supports their closest party and suffers more disutility, the more
distant this closest party. This describes non-strategic behaviour by citizens who make
no attempt to anticipate the consequences of their vote, which is after all most unlikely
to have any observable consequence whatsoever in a large electorate, for long-term post-
electoral policy outcomes. Voting is thus seen as an expressive action involving what
amounts to consumption at the time of the election, rather than an instrumental action
designed to influence downstream policy outcomes following: an election; government
formation; government policy making; policy implementation; realised outcomes of
implemented policies. Models of strategic instrumental voting certainly exist (Austen-
Smith and Banks, 1988; Kedar, 2005). But these assume extraordinarily high levels of
citizen rationality and instrumental behaviour in settings where a rational citizen will
likely calculate that they are unlikely to make one iota of difference. Furthermore, results
derived from such models are brittle and typically do not generalise beyond three parties
and one policy dimension.
Our behavioural assumption is thus, quite simply, that a voter derives greater satis-

faction from voting for a party with a position closer to her own ideal point. If j is the
position at tick t of the party with the position closest to a voter with an ideal point at i,
and if the Euclidean distance between i and j at tick t is dijt, we define the utility of voter
i at tick t as dijt2.



It seems most implausible in a dynamic setting to assume agents respond only to the
current instantaneous state of the systemand ignore anything that happened even seconds
before this.While this is never explicit in existing accounts of party competition, it seems
more plausible to treat citizens as using new information they get at tick t to update
rather than completely determine their evaluations of the party system. We thus define
updated citizen dissatisfaction using a simple updating model. This defines Dit, the
updated dissatisfaction at tick t of a citizen with an ideal point at i, in the following
recursive manner:

Dit am Di(t 1) (1 am) d2ijt (21.1)

In this equation, m is a memory parameter describing how much voters update their
dissatisfaction on the basis of new information about party positions at tick t. Thus, if

m 0, voters have a ‘goldfish memory’; their updated dissatisfaction is the quadratic
Euclidean distance between their voter ideal point and the current instantaneous position
of their closest party. If m 1, voters never update their dissatisfaction with the
configuration of party positions, no matter what (crazy) positions any party adopts.
When 0 m 1, the memory parameter m determines the extent to which voters
update their (previously updated) dissatisfaction with the party system at tick t-1, using
information about the configuration of party positions at tick t. This type of update is
analogous to updates modelled in the extensive literature on reinforcement learning, to
which Sutton and Barto (1998) provide an excellent introduction.
We added m to our parameter space in exploratory runs, investigating effects on

model outputs of sweeping different values of this parameter. However, we found no
statistically significant difference in model outputs for different values of m. In what
follows, therefore, and budgeting our finite computational resources, we take a cue from
some recent work in neuro-economics and set m 0.50 (Glimcher et al., 2005). This
implies, for example, that a voter’s updated dissatisfaction eight elections previously
contributes about 1% of their updated dissatisfaction in the current election.

Having defined Dit, the updated dissatisfaction of a citizen with ideal point i at tick t, we
can easily compute the aggregate dissatisfaction of all voters. We can think of aggregate
voter dissatisfaction, thus measured, as a welfare index for the party system as a whole.
It describes how well the evolved configuration of party positions ‘represents’ the ideal
points of the population of voters. This is one of the main output metrics we investigate
in the analyses that follow.

The driving motivation behind our model of updated voter dissatisfaction was a desire to
specify a citizen candidate model of party birth. We assume every voter always has the



implicit option of forming a new party by changing state from rank-and-file voter to party
leader. Specifically, we assume that the probability, pit, that a voter with an ideal point
at i changes state to a party leader at tick t, increases in direct proportion to this voter’s
updated dissatisfaction with the configuration of party positions. Thus pit Dit,
where is a ‘birth’ parameter, measuring how sensitive is the voter’s probability of
changing state to her updated dissatisfaction with the evolving configuration of party
positions. The birth parameter is scaled to the units in which policy distances, and
thus Dit, are measured. Substantively realistic values of are a function of how we
calibrate the model to real time. This is because they are associated, for a given point in
the model’s parameter space, with an expected number of new party births per election.
Absent real time calibration, different values of have the effect of controlling for how
fast the system evolves, rather than how it evolves in a substantive sense. For this reason,
we do not investigate different values of in the simulations that follow.
When a voter changes state to party leader, the new party enters the system at the

location of the ideal point of the founding voter. In the ‘tournament’ model we report
here, the new party leader selects a decision rule at random from the available set (Sticker,
Aggregator, Hunter). In other work, we report results both using a much larger rule set,
and using an evolutionary model in which the probability of each rule being selected
is proportional to the rule’s updated fitness. But our purpose here is the same as that of
the Fowler–Laver tournament. We want to observe the evolution of the party system,
and in particular party birth and death, in settings where there is a diverse rule set. And
we impose this diversity by specifying equi-probable random rule selection each time a
new party is born. This avoids the admittedly very interesting situation that often arises
with the evolutionary model, whereby one successful rule drives out all others.

Just as new parties may be born, existing parties may ‘die’. A natural way to think about
this is to model the fitness of political parties, and then model party death as occurring
when party fitness falls below some de facto survival threshold that is a feature of the
general environment for party competition.
In modelling party fitness, we extend an approach used by Fowler and Laver (2008)

who specified a recursive algorithm for updating information about the relative fitness
of different decision rules. The updating algorithm is directly analogous to the algorithm
we specified for updating voter dissatisfaction. Let fpt be party p’s fitness at time t. This
is p’s fitness at t-1, updated by new information observed at time t. It seems plausible to
assume that the new information used to update p’s fitness at time t is p’s vote share at
time t, labelled vpt. This gives the following recursive algorithm:

f pt a f f p(t 1) (1 a f ) dpt (21.2)

The extent of this update is determined by a memory parameter, f. When f 0, we
have the situation implicitly assumed bymost current models, a goldfish memory regime
in which a party’s fitness is simply its fitness this second, with no weight attached to a
history of past fitness. When f 1, party fitness never updates from its initial starting
value, whatever new information is observed. When 0 f 1, f reflects the relative



weight agents give to the history of a party’s past success at winning votes, and new
information about the party’s current success. Thus f is an interesting model parameter
and we analyse its effects on model outputs in the computational work reported below.
Having modelled party fitness, we now consider the de facto survival threshold that

is such an important feature of the general environment for party competition. This is
a trickier matter than it might seem at first sight. It is well-known that both explicit
and implicit thresholds for party representation in the legislature are embedded in all
electoral systems. These arise from the interaction of electoral formulae, constituency
size, and constituency-level concentrations of party support (Cox, 1997). It is less
commonly appreciated that, considering the system of elections more generally, de facto
thresholds for party representation are generated by all sorts of matters such as candidate
nomination procedures, campaign finance laws, public funding of political parties, and
so on.
The tricky question arises because it is clear that many political parties continue to

survive, in some sense at least, even when they fall far below formal representational
thresholds. Indeed principles of free speech typically indicate that nearly any eligible
voter can set up what they might choose to call a ‘political party’ and run for election.
For this reason, all models of party competition of which we are aware implicitly
exclude political parties deemed in some sense to be ‘below the radar’ of mainstream
party competition. For example, models of British party politics invariably exclude the
Official Monster Raving Loony Party (OMRLP; www.omrlp.com), led for a long time
by former rock musician Screaming Lord Sutch, who ran for election 42 times between
1966 and 1997 and only once (in the Rotherham by-election of 1994) won more than
1000 votes. In effect the OMRLP is informally deemed ‘below the radar’ in the sense
that it is held to have no measurable effect on the behaviour of any other party and nearly
all voters.
In our terms, therefore, the de facto survival threshold, , is a feature of the general

environment for party competition that rolls together a lot of different things, from
formal representational thresholds in the electoral system to informal perceptions by
voters of which parties are ‘serious’ political contenders. A party with an updated fitness
that is below the survival threshold is not necessarily non-existent, but is invisible below
the political radar to all other agents.

The Laver ABM treated party competition as a continuous process with, no particular
feature, such as an election, distinguishing one model tick from another. Since elections
do happen in the real world, this is substantively unrealistic. Following Fowler and Laver
(2008), we make a distinction between:

campaign ticks, in which politicians select actions in response to published information about
levels of party support;

election ticks in which, in addition to the above: voters select which party to vote for; rewards
and punishments are administered; existing parties may die; new parties may be born; a range of
measures are updated.



Assuming a fixed electoral schedule with election campaigns running continuously
between elections, we define an election scheduling parameter, , which specifies the
frequency of election ticks relative to campaign ticks. At the end of each of the 1
campaign ticks that happen between elections, party leaders select policy positions and
their estimated support levels are made public, in effect in a public opinion poll. But
politicians are not subject to realised rewards and punishments at the end of a campaign
tick. In line with question wording in real opinion polls, published party support at the
end of campaign ticks reflects how peoplewould have voted if there had been an election
that day, offering crucial feedback to candidates. There is an election every ticks, with
voters actually voting rather than answering opinion polls and outcomes have binding
consequences for success and failure of political parties. This means that updates to
voter dissatisfaction and party fitness take place at the end of election ticks, not at the
end of campaign ticks. Parties may thus adapt continuously during the campaign, but
births and deaths take place only following an election. What parties may do between
elections is to explore implications of alternative actions; it is what happens at elections
that generates rewards and punishments.

21.3.8.1 Specifying the model
Ourmain interest is in characterising endogenous party birth and death in the competitive
environment we describe with our model. We do this by observing birth and death
locations of parties, measured in terms of the eccentricity of the party position, which is
defined as the Euclidean distance of this position from the centroid of voter ideal points.
We also measure: party longevity, in terms of elections survived between birth and
death; mean fitness of the set of parties using each decision rule; mean dissatisfaction
of the population of voters. Our model has three party system parameters of interest.
We investigate the effects of these using an experimental design that involves 1000 very
long runs of the model, each run with a ‘Monte Carlo parameterisation’. That is, we
draw random values for each model parameter from a uniform distribution on intervals
that we take to be substantively plausible. Specifically, these intervals were:

f: memory parameter for party fitness; floating point numbers on the [0.00, 0.99]
interval;
: de facto survival threshold; floating point numbers on the [0.05, 0.30] interval;
: number of campaign ticks/election; integers on the [5, 25] interval.

Aswe noted above, outputs from the dynamicmodel we described above are ergodic time
series, distributed around long-run stationary means. This means that independent very
long runs with the same parameterisation converge on the same estimated mean. These
long runs are Markov chains and our diagnostic tests for convergence thus use the R-
Hat statistic developed for Markov-Chain Monte Carlo (MCMC) methods (Brooks and
Gelman 1998). Diagnostic tests described by Laver and Sergenti (2007, 2011) allow us
to conclude that the random start has burnt off and outputs of interest have converged on
long-runmeans, despite their clearly periodic structure, in runswith 20 000 elections. In a



nutshell, longer runs, or additional 20 000-election runs with the same parameterisation,
would yield effectively identical estimates. Since model outputs of interests are highly
autocorrelated time series, means and standard errors of interest must be estimated using
standard time series methods, once each output series has been checked for stationarity.
In what follows, we report means and standard errors of quantities of interest estimated
using AR(1) regressions on the burnt-in portion of each of the 1000 output chains, each
chain with 20 000 elections.
This is a fairly heavy computational load, but one that we are confident statistically

gives us very robust and reliable results. Indeed, readers may take comfort in the fact
that the simulation experiment we report below has been rerun several times in the
course of our exploratory work and has always yielded identical results. The model set
out above was programmed in NetLogo and interrogated using the Harvard–MIT high-
performance cluster of about 180 machines. Code was written to control the NetLogo
program so as to run the program 1000 times for 20 000 elections, each run with
a Monte Carlo parameterisation. The 1000 large output files were then automatically
formatted and analysed, using code programmed in R, to estimate burn-in. They were
then automatically analysed, using Stata, to derive the AR(1) estimates. These estimates
were then automatically harvested from Stata output and placed in a single summary
file. Of the 1000 runs in the simulation experiment reported below, 19 runs failed our
diagnostic tests for convergence andwere dropped from the analysis, whichwas confined
to the 981 converged runs.
It is worth emphasising in this context that ‘heavy-duty’ computational work of this

type is not really feasible without automated running of the model, chained to automated
analysis of model outputs and compilation of results. Rerunning this entire experiment
would involve just a few minutes work followed by a long but tranquil wait for the
computing cluster to spit out the results. The need to rerun this experiment by hand
would trigger a nervous breakdown and involve person-months of error-prone work.

Figure 21.2 summarises a lot of information about the long-run mean party system sizes
that typically arise from various parameterisations of our model of dynamic multiparty
competition. Rather than plot 981 individual estimates for each of four quantities in each
of these figures, we summarise each cloud of 981 points using a median spline. Note
before looking at Figure 21.2 that there is an axiomatic upper bound on the number
of parties in any party system. This is 1 , the reciprocal of the survival threshold.
Self-evidently, if the survival threshold is 0.10, for example, no more than ten parties
can get 0.10 of the vote or more, and then only if all parties are of perfectly equal size.
The solid line in Figure 21.2a plots the typical number of surviving parties for a given
survival threshold and shows a similar reciprocal relationship. (If the x-axis is 1/ rather
than the plots in Figure 21.2a are straight lines.)
Figure 21.2 gives substantively interesting insight into dynamic party systems with

endogenous parties. It shows, for example: that a survival threshold of 0.10 of the vote
tends to be associated over the long run with a six-party system; that a threshold of



Mean number of surviving parties, by decision rule, and f. Lines are 8-band
median splines summarizing AR(1) estimates from the burnt-in era of 1000 runs, each run with
20 000 elections. Settings of and f for each run were randomly selected from uniform
distributions on the intervals shown on the horizontal axes of each figure. Cases are dropped if the
R-hat measure for any quantity of interest was less than 1.1 or of the ratio of the AR(1) standard
error to the standard deviation for any quantity of interest was greater than 0.10. A total of 19
cases were dropped for this reason. Our very long converged runs for each estimate have the
effect that the AR(1) standard errors on any one of these 981 estimates of the number of parties
using each rule are very low – on average 0.03 for Hunters and Aggregators, 0.02 for Stickers.

0.25 tends to be associated with a three party system; and so on. If we believe in the
model, then this allows us to ‘back out’ the de facto party survival threshold, for a real
party system of interest, from the number of surviving parties observed over the long
run. Thus, if we tend to observe six surviving parties in a system of interest, this implies
a de facto threshold of about 0.10; a two-party system implies a threshold of about 0.30
and so on.
Figure 21.2a also shows thatHunter comfortably outperforms the other decision rules

in this setting, measuring performance in terms of the number of surviving parties using
each rule. Since new parties choose rules at random in this environment, this implies
parties using the adaptive Hunter rule are less likely to fall below the survival threshold
and die than parties using other rules. We also see that the number of Hunters increases
disproportionally as the survival threshold gets lower. With lower survival thresholds
there are not only more parties, there are in particular more Hunter parties.
The solid line in Figure 21.2b shows that the other party system parameter with an

effect on the number of parties is f , the memory parameter for fitness updating. The
lower f, the smaller the number of surviving parties and in particular the fewer surviving
Hunter parties. When f is very low, updated fitness is almost the same as the update on
current party support; a party dies as soon as its current support falls below the survival
threshold. High-alpha systems are more ‘forgiving’ in this sense, updating more slowly,



Mean vote share of sets of surviving parties, by decision rule, and . See caption to
Figure 21.2.

‘remembering’ past successes and allowing parties to survive if their current support
falls below the threshold for an election or two but then moves back over the threshold.
For this reason, fewer parties tend to die in high-alpha systems and there tend to be more
surviving parties. This discussion of ‘memories of past success’ is novel in the context
of modelling party competition. It is very important to note that we cannot even frame
such a discussion in terms of a static model but that, once we move to a fully dynamic
model, such a model will axiomatically have an updating regime, however implicit this
might be, and that the parameterisation of this updating regime is likely to have an
impact on the evolution of party competition.

We have just seen that Hunter was the most successful rule in our dynamic system of
party competition with endogenous parties, measuring success in terms of the number
of surviving parties using each rule. Figure 21.3 plots another measure of success, the
aggregate vote share of sets of surviving parties using each rule. This shows the relative
success of the Hunter rule very clearly. The i.i.d. mean (standard deviation) of the AR(1)
estimated vote shares won by the set of Hunter parties over the burnt-in era of each of the
20 000 elections, for each of the 981 converged Monte Carlo parameterisations of the
model, was 0.83 (0.07). Equivalent figures for the sets Sticker and Aggregator parties
were 0.06 (0.04) and 0.11 (0.03) respectively.2

2 AR(1) standard errors on any one of these 981 estimated vote shares for each rule set are on average 0.006
for Hunters, 0.005 for Aggregators and Stickers.



Figure 21.3 shows that the relative success of Hunter is somewhat, though not dra-
matically, affected by parameters of party competition. In particular, Figure 21.3b shows
that Hunter tends to do worse when , the number of campaign ticks per election, is low.
This is because, of the three rules we investigate here, Sticker never adapts its position,
while Aggregator instantly adapts to the centroid of its supporters’ ideal points. Hunter,
in contrast, adapts in a sequence of unit moves. The lower is , the shorter the sequence
of moves enabling Hunters to adapt their policy positions between elections, and the less
well they perform. As we will see below, this is to a large extent a product of the fact that
endogenous party births tend to be at peripheral policy locations, so that short election
campaigns do not give Hunters ‘enough’ time to adapt away from these before the first
visit, scheduled by , of the electoral grim reaper.

Figure 21.4 plots policy positions of endogenous party births and deaths, and of surviving
parties, in our simulated environment for dynamic multiparty competition. Figure 21.4a
shows that our citizen candidate model of party birth tends to generate new parties at
the ideal points of dissatisfied voters who are, on average, 1.8 standard deviations from
the voter centroid. The mean (standard deviation) over all runs of AR(1) estimated birth
eccentricities was 1.79 (0.03). Substantively, this means that endogenously generated
new parties tend strongly to come into existence at quite peripheral policy positions.
Since Stickers never move and thus die precisely where they are born, loci of Sticker

deaths are identical to those of all party births, which Figure 21.3 shows are only very
slightly affected by the party survival threshold. Where Aggregators and Hunters tend to
die, however, depends on parameters of the party system. This is most easily understood
in relation to typical policy locations of surviving parties using each decision rule, shown
in f Figure 21.4b.
This shows another piece of headline news. Surviving Aggregators and Hunters tend

to be found in very different positions in the policy space. Means (standard deviations)
over all runs of AR(1) estimated surviving Aggregator and Hunter party eccentricities
were 1.39 (0.17) and 0.61 (0.15), respectively. Indeed, over the entire suite of 981
converged runs, the full ranges of mean surviving Hunter and Aggregator locations
never overlapped, at [0.37, 0.96] and [1.10, 1.90], respectively.3 Substantively this
implies that, if we believe the model, we can confidently back out the decision rule
being used by each party by observing its typical policy locations. Considering the three
rules we investigate here, parties typically locating less than one standard deviation
away from the voter centroid are almost certainly Hunters.
Figure 21.4b also shows, however, that typical policy locations are quite strongly

influenced by the survival threshold. Lower thresholds imply more parties, as we have
seen, which implies more diverse and on average more eccentric party policy positions.

3 AR(1) standard errors on any one of these 981 estimates of party eccentricities are on average 0.002 for
Hunters and 0.003 for Aggregators.



Policy eccentricities of new, dying, and surviving parties, by decision rule and
survival threshold. See caption to Figure 21.2.

Returning to consider where parties tend to die, Figure 21.4c plots the difference between
the death location of parties using each rule and the typical location of surviving parties
using the same rule. This measure is always positive, showing that parties tend strongly
to die at more eccentric policy positions than those of surviving parties using the same
rule. The mean extra eccentricity of dying parties over all runs is 0.23 for Aggregators
and 0.48 for Hunters though Figure 21.4c shows this is strongly affected by the survival
threshold for Hunters. When survival thresholds are high and the number of parties
consequently low, the Hunters that tend to die are those that stray far from typical Hunter
policy locales.



Distribution of Hunter party longevities in a sample model run ( 0.10; f 0.50;
20. Mean party age at death 107.5; median age 65).

The life expectancy of political parties in an endogenously evolving dynamic party
system, their typical ‘age’ at death measured in terms of elections survived, is the
result of a survival process – ability to stay above a de facto survival threshold.
Figure 21.5 shows a frequency distribution of ages at death of Hunter parties for a
particular simulation run. It plots precisely the type of exponential age distribution we
expect to observe when parties are subject to a constant hazard rate of dying at each
successive election. Given this skewed age distribution, we usemedian age at party death
as the most informative summary of the life expectancy of a ‘typical’ party in a given
setting.
Figure 21.6 shows typical party longevities are strongly affected by the survival

threshold, increasing exponentially as the survival threshold goes down. Lower survival
thresholds imply that all parties, and particular Hunter parties, tend to live very much
longer. A large part of the relative success of the Hunter rule arises because Hunter
parties tend to live longer, especially when survival thresholds are low.

Before reporting computational results on representativeness of the evolving set of party
positions, we consider findings from computational geometry that should be of great
interest to social scientists more generally. ‘Centroidal Voronoi tessellations’ (CVTs) are
a special class of Voronoi tessellation, in which each generating point is at the centroid
of its Voronoi region. Du et al. (1999) show that a set of generating points that is a CVT



Median party ages at death, by decision rule, , , and f. See caption to
Figure 21.2.

is an ‘optimal representation’ of the space, defining optimal representation in the precise
sense we use above, as minimising aggregate quadratic (or linear) distances between all
points in the space and their closest generating point (Du et al., 1999: 644–646). This
result is used in computational work on a huge variety of applications, for example data
compression in image processing as well as the reverse problem, image intensification.
A set of n generating points in a CVT is the most efficient representation of a larger
set of points, at a level of precision given by n. This tells us that representativeness of
any n-party system is maximised when the n party positions are in a CVT, a very useful
result indeed.
A widely used computational procedure for finding a CVT from an arbitrary starting

configuration of generating points is Lloyd’s Algorithm (Lloyd, 1982). This recursive
algorithm is simple: (1) generate a Voronoi tessellation of the space; (2) move each
generating point to the centroid of its Voronoi region; (3) go to (1). There are formal
proofs in the computer science literature that aCVT can be found usingLloydsAlgorithm
for any arbitrary one-dimensional space and starting configuration of generating points
(Du et al., 1999). More generally, there is a strong and widely accepted conjecture in
information science that Lloyds Algorithm converges on a CVT, in finite time, for any
finite level of precision. This conjecture has been deployed in a wide variety of heavy-
duty computational applications (such as image compression and intensification). It has
never been reported to have failed but has never been proved formally. This work is
crucially important in the context of dynamic models of party competition because a
party system in which all party leaders use the Aggregator rule is, precisely, deploying
Lloyds Algorithm. Thus we know from the work in computational geometry that party



Unrepresentativeness of the evolved configuration of party policy positions, by and
f. See caption to Figure 21.2.

positions in an all-Aggregator system will (1) converge on a CVT of the policy space
that will maximise the representativeness of the configuration of party policy positions
and (2) for an arbitrary level of precision determined by the floating point precision
of the computation, reach steady state in finite time. Laver (2005) did indeed find, and
we have subsequently confirmed in of all of our own extensive computational work,
that all-Aggregator party systems do always converge on a steady state, at the level of
floating point precision used by the computing environment in which algorithms were
programmed.
These results tell us something of great normative interest. A steady state policy con-

figuration of an n-Aggregator party system maximises representativeness of the party
system as we measure this; no other configuration of n party positions is more repre-
sentative. This emergent phenomenon arises despite the fact that leaders of individual
Aggregator parties never try to maximise overall representativeness of the party system,
but simply to represent the ideal points of their own current supporters.
Figure 21.7 plots the relationship between representativeness party system and party

system parameters. It shows both the cloud of AR(1) estimates from the 981 converged
runs of 20 000 elections each, as well as the median splines summarising these. Figure
21.7a shows the big though not unexpected news; party system representativeness is
very strongly affected by the survival threshold. Lower thresholds imply more parties,
which in turn leads to a more representative configuration of party positions.
Tight clustering of points around the summary line in Figure 21.7a suggests that other

party system parameters have much smaller effects, and the left panel shows the more
attenuated effect of the memory parameter for fitness updating, f, on party system
representativeness. Higher values of this are associated with more representative party
systems. We saw in Figure 21.2 that high-alpha systems are more ‘forgiving’ of short-
term dips in support, tending to be associated with more parties and thus, other things
equal, with more representative party systems.



Model 1 Model 2 Model 3

Survival threshold ( ) 4.71***

(0.031)
3.29***

(0.037)
3.40***

(0.037)
Fitness alpha ( f) 0.32***

(0.008)
0.33***

(0.006)
0.35***

(0.007)
Number of parties 0.16***

(0.004)
Number of Hunters 0.13***

(0.005)
Aggregators/Hunters 0.67***

(0.024)
Constant 0.48***

(0.007)
0.97***

(0.012)
1.07***

(0.014)
Adj. R2

n
0.96
981

0.99
981

0.99
981

N 981. Significance levels: *** 0.001; ** 0.01; * 0.05

An important pattern is hidden in these bivariate plots, however, and arises directly
from the fact that all-Aggregator party systems generate CVTs and thereby optimise
representation. We know from Figure 21.2 that most surviving parties in these endoge-
nously evolving party systems are not Aggregators. We know from Figure 21.4 that
surviving Hunters tend to have positions much closer to the voter centroid than do sur-
viving Aggregators. This suggests that party system representativeness is likely to be
enhanced, the more Aggregators there are, and reduced the more Hunters there are.
Table 21.1 tests this conjecture. Model 1 is a multiple OLS regression of the effects

of and f on representativeness of the configuration of party positions, estimated in
981 converged runs, and characterises the effects plotted in Figure 21.7. Higher survival
thresholds, and lower alphas, are associated with more unrepresentative systems. Model
2 adds two variables, the number of surviving parties, and the number of surviving
Hunters. We now see clearly that it is indeed the case that, while having more parties
increases representativeness, it is also the case that, holding the number of parties
constant, having more Hunters reduces representativeness. Model 3 expresses this in
another way, using the ratio of Aggregator to Hunter parties as the independent variable
of interest. The more Aggregators there are, relative to the number of Hunters, the more
representative the evolved configuration of party positions.
We see this as an interesting and normatively important ‘paradox’, in the context of

what we take to be a naı̈ve view about party competition: that having parties compete
with each other for votes by trying to find popular policy positions will result in an
evolved configuration of party positions that is a good representation of voter ideal
points. This is self-evidently true when there is only a single party, but we now see it

4 See Figure 21.2. Estimates for each of the 981 retained runs are also plotted as points.



is not at all true when multiple endogenous parties are engaged in competitive spatial
location. Parties using Hunter are muchmore successful than parties using other rules at
winning votes, and will be rewarded for this in an evolutionary system with endogenous
parties. But such vote-seeking parties tend to search for support much ‘too close’ to
the centre of the distribution of voter ideal points; the more successful these parties
are, the less well represented are voters. The paradox is that representativeness of the
evolved configuration of party policy positions is not enhanced by endogenous parties
who compete with each other by seeking popular policy positions. The results from
the computational geometry of competitive spatial location tell us this, and our model
illustrates a realisation of this phenomenon in endogenous party systems with three
possible decision rules, Aggregator, Hunter, and Sticker. These results tell us, in effect,
that the best way to optimise representation in an n-party system is to let loose a herd of
n Aggregator parties.

We moved on quite far in this chapter from a dynamic model of party competition
in which Nature exogenously specifies a set of parties that never changes. Modelling
endogenous birth and death of political parties involves developing the original Laver
model in a number of ways. We define and measure ‘fitness’ of parties and specify how
this is updated each election by new information about current party performance. This
allows us to model death of political parties in terms of a de facto survival threshold,
with parties ‘dying’ as their updated fitness falls below this. We adapt a citizen candidate
model of new party birth; new parties form at ideal points of dissatisfied voters, with
a probability proportional to some measure of voter dissatisfaction. We measure voter
dissatisfaction as the quadratic distance between the voter ideal point and the closest
party position. Aggregating this measure for the entire voting population gives us a
‘welfare’ measure of the extent to which an evolved configuration of party position
‘represents’ the distribution of voter ideal points. Having specified the theoretical model,
we then specify a rigorous computational method that ensures our key estimates, derived
from dynamic and periodic model output, have converged to stationary means that are
ergodic in the long run. This allows us to design and run simulation experiments that
involve 1000 long (20 000 election) burnt-in runs of the model, each run with a Monte
Carlo parameterisation, that is with parameter values drawn randomly from uniform
distributions of within substantively plausible ranges.
The main results can be succinctly summarised. Our endogenous party system evolves

to an ergodic state with the number of competing parties largely determined by the
survival threshold, and to a lesser extent the rate of fitness updating. This is significant
since, to the extent we believe the model, we can ‘back out’ a party system’s de facto
survival threshold from empirical observations of the long run mean of the number of
competing parties. Observing that we typically have six competing parties, for example,
implies a de facto survival threshold of 0.10 of the total vote. We also see that the Hunter
rule, which is after all the only rule explicitly programmed to search for increased



vote share, evolves to have a far greater updated fitness, denominated in backwards
discounted ability to win votes. This implies there will typically be more parties using
the Hunter rule, in an endogenous party system, than using either of the other rules. We
saw that Hunter parties seek supportmuch closer to the voter centroid than Aggregators.
Since we know that a system with only Aggregators will optimise representation by
party positions of voter ideal points, it was not surprising to confirm that party systems
with more Hunters tend to be less representative. Hunters compete very effectively,
having a good algorithm for finding popular policy positions, but paradoxically this
competition reduces rather than increases the extent to which the evolved configuration
of party positions represents the distribution of voter ideal points. Crudely speaking,
our results on this matter tell us that, if we were social planners setting out to increase
representativeness of a party system, we would (1) lower party survival thresholds,
perhaps by reforming electoral law and/or (2) force parties to set policy positions that
reflect the wishes of current supporters, rather than changing positions to attract new
supporters, perhaps by mandating more internal party democracy.
The next steps involve generalising the distribution of voter ideal points and imple-

menting a major expansion of the set of available decision rules (Laver and Sergenti,
2011). The latter is achieved both by specifying new decision algorithms, such as preda-
tion and generalised hill-climbing, and by characterising a space of ‘rule features’ that
in effect parameterise many different decision rules. Such features include: satisficing,
by implementing a given rule only when some output metric falls below some comfort
threshold; the ‘speed’ with which the decision rule can change party policy positions
in any one model tick; parameterised shocks to both the current policy position (jitter-
ing) and to the specified direction of forward movement (wobbling). Laver and Sergenti
(2011) then implement a more evolutionary regime driven by a replicator–mutator sys-
tem according to which, when a new party selects a decision rule, the probability any
given rule is selected is a function of that rule’s updated fitness, subject to some small
probability of random replication errors whereby some given rule is indicated by the
replicator system but some other rule is selected. They then move on to discuss effects
of parties having non-policy ‘valence’ characteristics, such as leadership charisma or
scandals, that also attract or repel voter support. They finally move on to endogenise
the distribution of voter ideal points by implementing a standard social-psychological
model of the effects on preferences of both random and structured interactions between
voters.
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